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A set S of k points in a projective plane of order q is of type (m, n) if each line
meets S in either m or n points. The parameters are standard if q=a2 for
a=n&m. In this note we give a method for determining all admissible non-
standard parameters for a given m and q a prime power.  1999 Academic Press
Let 6 be a projective plane of order q and let m, n be non-negative
integers with m<n. A set S of k points of 6 is said of type (m, n) if each
line of 6 meets S in either m or n points (e.g., see [2, 6, 7]).
Assume 1m, nq and put a=n&m. Then a2, a | q, a | k&m(q+1)
and the fundamental necessary condition for the existence of a set of type
(m, n) and size k=ax+m(q+1) in a plane of order q=ay is
ax2&(a2&a) xy+amy2&ax&(m2+am&m) y=0, (1)
as proved by Tallini in [6].
This equation admits the solution x=m, y=a corresponding to the
standard parameters (m, n, q) with q=a2. Nevertheless, for fixed m and a
the equation (1) possesses infinitely many solutions in integers when D>0,
where D=(a&1)2&4m, and D is a non square, or when D=0, while in
the other cases (1) possesses only finitely many solutions in integers (see
[3, 4]). In this note we show that for a given m>0, the number of non-
standard parameters (m, n, q), q{a2, with q a prime power is always finite
and we give a method for determining these parameters. For m1000 they
are listed in the Table I.
It is already known that for m=1 and q a prime power the parameters
are standard [7]. Some results on this subject are also given in [1], where
an infinite class of non-standard parameters is also exhibited. There exist
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TABLE I
m1000
q m n y0 a k1 k&1
V 25 3 7 8 4 3 } 72 151
V 25 26 30 8 4 2 } 3 } 151 2 } 5 } 7 } 13
V 25 12 20 4 8 22 } 3 } 5 } 7 22 } 151
V 25 13 21 4 8 3 } 151 72 } 13
V 53 4 9 25 5 22 } 32 } 19 829
V 53 117 122 25 5 2 } 32 } 829 13 } 19 } 61
V 53 36 61 5 25 22 } 19 } 61 32 } 829
V 53 65 90 5 25 2 } 5 } 829 32 } 5 } 13 } 19
V 27 4 12 16 8 22 } 3 } 72 22 } 337
V 27 117 125 16 8 32 } 5 } 337 52 } 72 } 13
V 27 9 25 8 16 52 } 72 32 } 337
V 27 104 120 8 16 23 } 5 } 337 23 } 3 } 72 } 13
* 27 15 23 16 8 7 } 337 3 } 5 } 7 } 23
* 27 106 114 16 8 2 } 7 } 19 } 53 2 } 3 } 7 } 337
* 27 53 69 8 16 3 } 7 } 337 7 } 23 } 53
* 27 60 76 8 16 22 } 3 } 5 } 7 } 19 22 } 7 } 337
V 35 16 25 27 9 4561 24 } 52 } 13
V 35 219 228 27 9 3 } 13 } 19 } 73 22 } 3 } 4561
V 35 73 100 9 27 22 } 4561 52 } 13 } 73
V 35 144 171 9 27 24 } 32 } 13 } 19 32 } 4561
V 73 4 11 49 7 22 } 11 } 37 3 } 1063
V 73 333 340 49 7 22 } 33 } 1063 5 } 17 } 372
V 73 36 85 7 49 22 } 5 } 17 } 37 33 } 1063
V 73 259 308 7 49 22 } 3 } 7 } 1063 7 } 11 } 372
V 210 45 61 64 16 151 } 331 33 } 5 } 7 } 61
V 210 241 305 16 64 5 } 151 } 331 3 } 7 } 61 } 241
V 210 720 784 16 64 24 } 33 } 5 } 73 24 } 151 } 331
V 210 964 980 64 16 22 } 3 } 73 } 241 22 } 5 } 151 } 331
V 211 279 311 64 32 599479 32 } 7 } 31 } 311
V 211 869 933 32 64 3 } 599479 7 } 11 } 79 } 311
V 37 160 187 81 27 368089 25 } 5 } 11 } 13 } 17
V 37 667 748 27 81 22 } 368089 11 } 13 } 17 } 23 } 29
V 55 96 121 125 25 181 } 1741 25 } 3 } 112 } 31
V 55 601 726 25 125 2 } 3 } 181 } 1741 112 } 31 } 601
* 55 143 168 125 25 3 } 7 } 13 } 1741 23 } 11 } 31 } 181
V 212 243 275 128 32 33 } 5 } 11 } 19 } 37 33 } 5 } 73 } 109
* 212 247 279 128 32 33 } 192 } 109 13 } 31 } 37 } 73
V 213 43 75 256 32 3 } 121369 52 } 7 } 43 } 79
V 213 369 625 32 256 52 } 121369 32 } 52 } 7 } 41 } 79
* 213 713 777 128 64 72 } 121369 3 } 23 } 31 } 37 } 79
V 214 765 829 256 64 7 } 337 } 5419 33 } 5 } 7 } 17 } 829
V 75 288 337 343 49 31 } 159871 25 } 33 } 19 } 337
* 75 509 558 343 49 2 } 32 } 312 } 509 3 } 19 } 159871
V 39 359 440 243 81 23 } 109 } 8209 5 } 11 } 359 } 433
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TABLE IContinued
m1000
q m n y0 a k1 k&1
V 215 441 505 512 64 631 } 23311 32 } 5 } 72 } 73 } 101
V 310 640 721 729 81 31 } 271 } 4561 27 } 5 } 72 } 13 } 103
V 216 493 557 1024 64 3 } 7 } 29 } 97 } 557 13 } 17 } 241 } 673
* 216 972 1100 512 128 22 } 32 } 11 } 241 } 673 22 } 34 } 52 } 7 } 13 } 97
V 433 425 468 1849 43 3 } 52 } 13 } 181 } 199 22 } 32 } 17 } 19 } 3079
V 217 998 1062 2048 64 2 } 32 } 7 } 499 } 2143 2 } 59 } 103 } 11119
V 533 600 653 2809 53 52 } 307 } 11971 23 } 3 } 37 } 163 } 653
V 593 516 575 3481 59 3 } 52 } 23 } 43 } 1459 22 } 28910719
Note. The symbols V, * in the first column denote different associated sets in planes of
the same order.
many examples of sets of type (m, n) with standard parameters. Recently
the first examples with non-standard parameters have been discovered by
Wettl.
Put b=m(m&1+a). Then (1) becomes
ax2&a[(a&1) y+1]x+ y(amy&b)=0. (2)
Let y0 be a fixed positive integer, and assume that x=xe , e=\1, are
the solutions to
ax2&a[(a&1) y0+1]x+ y0 (amy0&b)=0.
Note that by [6] mq+nk(n&1)q+m. This inequality is equivalent
to 1xe(a&1) y0 . Thus we assume that both x1 and x&1 are positive
integers. Then amy0 is one of the integer solutions to
z2&[a(a&1)xe+b]z+a2mxe (xe&1)=0.
Let ze denote the other non-negative integer solution. In particular, we have
ze+amy0=a(a&1)xe+b (3)
zey0=axe (xe&1) (4)
x&1+x1=(a&1) y0+1 (5)
ax&1x1= y0 (amy0&b). (6)
From (5) and (6) it follows directly that
a(x&1&1)(x1&1)= y0 (amy0&(a(a&1)+b)). (7)
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This implies that amy0a(a&1)+b, where the equality holds if and
only if x1=1 or x&1=1.
Now assume that q=ay0 is a prime power.
If amy0=a(a&1)+b, then y0 is an integer solution to the equation
m2&m&( y&1) am+a2&a=0. (8)
In [6], Proposition 3.2, Tallini shows that when a is a prime power the
only integer solution of (8) is y=a. So, (m, n, q) are standard parameters.
Hence we may assume in the following that ze , e=\1, is a positive
integer and that m>1, as observed in the introduction. Since q=ay0 is a
prime power, then either ze=txe for some integer t, or ze=s(xe&1) for
some integer s by (4). Using (3), (4) and (6) it is easily seen that
ze=s(xe&1) if and only if z&e=(a(a&1)&s)x&e . Thus, we may choose
e so that ze=txe holds. Put u=a(a&1)&t and w=a2m&tu. Then by (3)
and (4) we have
y0=a(u+b)w (9)
xe&1=t(u+b)w, (10)
and then (5) yields
x&e=u(u+b)w. (11)
Since ze=txe implies z&e=u(x&e&1) we have that u>0. Thus (u+b)>0
and also w>0 because y0>0 and a>0. In particular, 0<t, u<a(a&1)
since t>0.
Now we shall prove that both min[t, u] and a are bounded by functions
of m.
(I) D0. Then
a1+2- m.
Furthermore, min[t, u](t+u)2 and (t+u)2=a(a&1)2 where a(a&1)
22m+- m. Thus
min[t, u]2m+- m.
(II) D1. Then w=m(1&D) for either t=2m or u=2m. On the
other hand w>0, so that we must have
min[t, u]<2m.
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If m<t<2m, then 0>&w=(t&m)a2&ta&t2 gives
a<t(1+- 1+4(t&m))2(t&m)
and hence we have an upper bound for a in terms of m.
If t=m, then xe=a+[m(m&1)(m+a)] and m>1 give
am(m&2).
If t=m&1 then y0=a and the parameters are standard.
If t<m&1, then it is easy to show that xe>m(m&t). Let
m=c(m&t)&s with 0<s(m&t). Then xec. It is straightforward to
show that this inequality produces an upper bound for a which is at most
m(t+s)s, which in turn is at most m2&m.
Similarly, if m<u<2m then 0>&w=(u&m)a2&ta&t2 gives
a<u(1+- 1+4(u&m))2(u&m).
If u=m, then the parameters are standard.
Lastly, if u<m, then x&e2 provides an upper bound for a which is at
most um- m&u, which in turn is at most m2&m.
Theorem 1. Let m be any fixed positive integer and let S be a set of
type (m, n) in a projective plane 6 of order q= ph, p a prime. Then the
parameters (m, n, q) are standard with finitely many exceptions.
By [7] we may suppose that m>1. By what we proved above if q is a
prime power, then q=ay0 , where y0 is given by (9). Since both t (or u) and
a are bounded by a function of m we have our assertion.
We note that if (m, a, y0) produces non-standard parameters, then also
(ay0+1&m&a, a, y0), (xe , y0 , a), (x&e , y0 , a) produce non-standard
parameters. This quadruple of non-standard parameters, which we call an
associated set, correspond to S, the complement of S in 6, the set of the
n-secants and the set of the m-secants in the dual plane to 6, respectively
(e.g. see [2]).
The previous results allow us to use a computer for determining all
admissible non-standard parameters for relatively small values of m. Indeed
we may express both y0 and xe , first as functions of t and a and then as
functions of u and a. Then we may select the good values of y0 and xe for
t and a or u and a within the previous bounds. The Table I contains all
non-standard parameters with q a prime power for m1000. In particular
we find the non-standard parameters already given by de Resmini in [1]
and those contained in the Table 1 of [5]. To the author knowledge, only
two examples of sets of type (m, n) with non-standard parameters have
been found until now. The first one is a set of type (4, 9) consisting of the
399NOTE
points of a suborbit of length 829 of a Singer group in the Desarguesian
plane of order 53. The other one is a set of type (4, 11) consisting of the
points of a suborbit of length 3189 of a Singer group in the Desarguesian
plane of order 73. These examples have been found by Ferenc Wettl of the
Technical University of Budapest with the aid of a computer within an
investigation on the combinatorial properties of cyclic sets in the
Desarguesian planes of order less than 350. Wettl’s results are available on
the internet.
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